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Abstract
We study physical properties of constant curvature black holes (CCBHs) in Einstein
anti-de Sitter (AdS) gravity. These objects, which are locally AdS throughout the space, are
constructed from identifications of global AdS spacetime, in a similar fashion as Banados-
Teitelboim-Zanelli (BTZ) black hole in three dimensions. We find that, in dimensions equal
or greater than four, CCBHs have zero mass and angular momentum. Only in odd dimen-
sions we are able to associate a nonvanishing conserved quantity to these solutions, which
corresponds to the vacuum (Casimir) energy of the spacetime.
1 Introduction
The interest in three-dimensional gravity resides on the fact that black holes in this theory are
able to capture essential features of the higher-dimensional counterparts.
It was more than two decades ago that Ban˜ados, Teitelboim and Zanelli (BTZ) found a
black hole solution in 3D anti-de Sitter (AdS) gravity [1], characterized by mass and angular
momentum, and with thermal properties analog to rotating black holes in D ≥ 4.
However, BTZ black hole possesses constant curvature and, therefore, it is locally indistin-
guishable from global AdS space. It is only when the solution is obtained by identifications
along isometries, that one can understand that the global structure of the spacetime is modi-
fied [2]. In particular, mass and angular momentum appear in the holonomies computed for a
flat connection of the AdS group [3]. They are also obtained as conserved quantities coming
from surface integrals in a number of methods [4].
The striking properties of BTZ black holes led to some authors to look for higher-dimensional
generalizations, e.g., in the form of Constant-Curvature Black Holes (CCBHs) [5].
In this paper, we study properties of CCBHs as regards mass and angular momentum, using
background-independent definitions of conserved quantities for asymptotically AdS spacetimes.
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2 Constant Curvature Black Holes in Einstein AdS gravity
We shall consider a pure gravity theory described by General Relativity in D dimensions, which
is given in terms of Einstein-Hilbert action
IEH =
1
16πG
∫
M
dDx
√−g(R− 2Λ). (1)
The dynamic field is the metric gµν , the cosmological constant is Λ and R is the Ricci scalar,
which comes from the double contraction in the indices of the Riemann tensor Rαµβν = ∂βΓ
α
νµ−
∂νΓ
α
βµ+Γ
α
βγΓ
γ
νµ−ΓανγΓγβµ. Because we are interested in the case of negative cosmological constant,
Λ is given by the expression Λ = − (D−1)(D−2)2ℓ2 in terms of the AdS radius ℓ.
Arbitrary variations of the action (1) with respect to the metric give rise to the Einstein
equations plus a surface term
δIEH =
1
16πG
∫
M
dDx
√−gEµν
(
g−1δg
)ν
µ
+
∫
M
dDx ∂µΘ
µ, (2)
where Eµν stands for the Einstein tensor
Eµν = Rµν −
1
2
Rδµν + Λδ
µ
ν , (3)
and Θµ is a surface term that depends on the variation of the Christoffel symbol.
Casting the Einstein tensor in a more convenient form
Eµν = −
1
4
δ
[µαβ]
[νσλ]
(
Rσλαβ +
1
ℓ2
δ
[σλ]
[αβ]
)
, (4)
it is obvious that if the constant-curvature condition
F σλαβ = R
σλ
αβ +
1
ℓ2
δ
[σλ]
[αβ] = 0 , (5)
is satisfied everywhere, the spacetime is a solution to AdS gravity.
In a Riemannian gravity theory in D dimensions, the two-form F is the only nonvanishing
part of the curvature associated to the AdS group SO(D − 1, 2).
While in three-dimensional AdS gravity, a global condition F = 0 is equivalent to the equa-
tion of motion, imposing Eq.(5) in higher dimensions proves to be far more restrictive, as we
shall see below.
2.1 Construction of CCBHs
In what follows, we consider solutions of Einstein equations with negative cosmological constant
which are constant-curvature black holes. This type of solution was originally constructed by
Ban˜ados in Ref. [5]. Here, we briefly review this construction.
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Let us consider a D-dimensional AdS space as a hypersurface defined in (D+1)-dimensional
pseudo-Euclidean spacetime, subjected to the constraint
− x20 + x21 + · · ·+ x2D−2 + x2D−1 − x2D = −ℓ2. (6)
In particular, this surface defined by the above relation possesses a Killing vector with the
components ξα = (r+/ℓ)(0, . . . , 0, xD, xD−1), which is a boost in the (xD, xD−1) plane, with
a norm ξ2 = (r2+/ℓ
2)(−x2D−1 + x2D). Substituting ξ2 into Eq.(6) defines a D − 1-dimensional
hypersurface in AdS space (6)
x20 = x
2
1 + · · ·+ x2D−2 + ℓ2
(
1− ξ2/r2+
)
. (7)
In the case that ξ = r+, the formula (7) leads to a null surface given by the relation
− x20 + x21 + · · ·+ x2D−2 = 0. (8)
In order to construct a CCBH, one must identify points along the orbits of ξα. In the region
ξ2 < 0 orbits of ξα are timelike. However, after the identification, they will become closed.
This means that the region ξ2 < 0 is not physical after the identification, and its boundary
ξ2 = 0 is singular in this sense. Thus spacetime of the surface is divided into three regions:
I := r2+ < ξ
2 <∞, II := 0 < ξ2 < r2+ and III := −∞ < ξ2 ≤ 0.
In order to write down explicitly the identification along the orbits of ξα, it is useful to
introduce local coordinates of AdS space in the region ξ2 > 0:
xα˜ =
2yα˜
1− y2 , α˜ = 0, . . . ,D − 2
xD−1 =
ℓr
r+
sinh
(
r+φ
ℓ
)
,
xD =
ℓr
r+
cosh
(
r+φ
ℓ
)
(9)
where
r = r+(1 + y
2)/(1 − y2),
y2 = ηα˜β˜y
α˜yβ˜ ,
ηα˜β˜ = diag(−1, 1, . . . , 1) . (10)
Because of the fact that the range of coordinates is −∞ < xα < ∞, the new variables −∞ <
φ < ∞ and −∞ < yα˜ < ∞ with −1 < y2 < 1. Then, the metric element for the surface (6)
acquires the Kruskal form:
ds2 =
ℓ2(r + r+)
2
r2+
ηα˜β˜dy
α˜dyβ˜ + r2dφ2. (11)
In these coordinates, the boost Killing vector has only one component ξφ = 1 and its norm is
ξ2 = r2. Identifying φ ∼ φ + 2πn one obtains a compact gravitational object that is globally
of constant curvature and the hypercone (8) becomes the horizon. Let us demonstrate that the
new object is a BH. It turns out that one can construct a Schwarzschild-like metric in the outer
I region. For this one needs to introduce local spherical coordinates
y0 = f cos θ1 sinh
r+t
ℓ
,
y1 = f cos θ1 cosh
r+t
ℓ
,
y2 = f sin θ1 sin θ2 . . . sin θD−4 sin θD−3,
y3 = f sin θ1 sin θ2 . . . sin θD−4 cos θD−3,
y4 = f sin θ1 sin θ2 . . . cos θD−4,
. . . = . . . ,
y
D−3
= f sin θ1 sin θ2 cos θ3,
y
D−2
= f sin θ1 cos θ2 (12)
where f(r) = [(r − r+)/(r + r+)]1/2. The new coordinates are defined for the space where r > r+
and in the limits: 0 < θ1, θ2, . . . , θD−4 < π, 0 ≤ θD−3 < 2π and −∞ < t < ∞. However, the
space in whole for r > r+ is not covered by the new coordinates because one can see from (12)
that −1 < y2, y3, . . . , yD−2 < 1 only that is not the same as in (9). In the new coordinates the
metric (11) acquires the Schwarzschild-like form:
ds2 = ℓ2n2(r)
(
− cos2 θ1dt2 + ℓ
2
r2+
dΩ2D−3
)
+ n−2(r)dr2 + r2dφ2 (13)
where n2(r) = (r2 − r2+)/ℓ2 and, in a more explicit form, the line element of the (D − 3)-dim
sphere can be written as
dΩ2D−3 = dθ
2
1 + sin
2 θ1dΩ
2
D−4 .
It has been claimed that the geometry described by Eq.(13) represents a black hole with an
event horizon at r = r+. However, some of the properties of such a black hole are rather unusual
with respect to the ones of the standard Schwarzschild solution. Indeed, the topology of CCBHs
is RD−1 × S1 instead of R2 × SD−2 (or locally flat or hyperbolic transversal sections, as in the
case of topological black holes in AdS gravity). On the other hand, the horizon of a CCBH is
degenerated into a one-dimensional circle, whereas the horizon in Schwarzschild black hole is a
(D − 2)-dimensional lightlike closed surface.
Furthermore, the asymptotic form (r → ∞) of the metric (13) is not well-defined in the
limit of vanishing r+. This is a reflection of the fact that is not possible to set r+ = 0 in the
construction of CCBHs sketched in this section.
In what follows, we study physical properties of CCBHs in order to relate the solution
parameters to conserved quantities, i.e., mass and angular momentum. Due to the fact that the
boundary of the region defined by r > r+ has a topology S
D−3 × S1, which cannot be matched
with the asymptotic region of global AdS, no clear background can be associated to this solution.
This argument prevents the use of any background-substraction technique [6,7,8,9,10] in order
to define the energy of a CCBH.
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3 Background-independent charges in AdS gravity
In the previous section, we discussed on the fact that global AdS spacetime cannot be recovered
from the metric (13) by simply switching off the parameter r+. Therefore, we will resort to
background–independent formulas for conserved quantities in AdS gravity to evaluate the mass
and angular momentum of CCBHs.
3.1 Four dimensions
In any gravity theory whose dynamics is described only by the metric field, the variation with
respect to gµν will give rise to the equations of motion. Then, the energy momentum tensor of
the system will be identically zero, unless we identify it with the one coming from the matter
Lagrangian.
The alternative to introducing a matter source in the bulk is to consider a boundary stress
tensor, idea that was developed some time ago by Brown and York in Ref. [11]. In particular,
in a Gauss-normal coordinate frame
ds2 = N2(r)dr2 + hij(x, r)dx
idxj (14)
this quasilocal stress tensor is obtained as the variation respect to the metric hij , that is,
T ij =
2√−h
δI
δhij
,
assuming that the field equations hold in the bulk.
In the above formula, I stands for Einstein-Hilbert action supplemented by suitable boundary
terms, such that it is stationary under arbitrary variations of the boundary metric.
As it has been extensively discussed in the literature, the proper way of getting rid of normal
derivatives in the boundary metric in the surface term is adding a Gibbons-Hawking boundary
term
I = IEH − 1
8πG
∫
∂M
dD−1x
√
−hK . (15)
The boundary ∂M is defined in terms of the foliation (14) as located at constant r. The term
at the boundary is proportional to the trace of the extrinsic curvature, which is defined as
Kij = − 1
2N
∂rhij (16)
in the coordinate frame (14).
The action I produces a quasilocal stress tensor which coincides with the definition of canon-
ical momentum πij for the radial foliation of the spacetime (14), that is,
πij =
1
8πG
(
Kij − hijK) . (17)
Because the line element (14) describes the spacetime as an infinite series of concentric cylinders,
the conservation of (17) for a given r is a consequence of Einstein equations in that frame.
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When used for General Relativity with zero cosmological constant, this stress tensor pro-
vides a sensible definition of conserved quantities as surface integrals in the asymptotic re-
gion [11]. However, in asymptotically AdS gravity this boundary energy-momentum tensor
produces charges which are divergent even for three-dimensional AdS black holes.
In the context of anti-de Sitter gravity/Conformal Field Theory (AdS/CFT) correspondence,
there is a systematic way to construct finite conserved charges for asymptotically AdS space-
times. In order to have a finite variation of the action, one needs to add a counterterm series
Lct(h,R,∇R), with dependence on the boundary curvature R = R(h) and covariant derivatives
of it, such that the total action is renormalized
Iren = I +
∫
∂M
dD−1xLct(h,R,∇R). (18)
With the addition of local counterterms, the Brown-York stress tensor adopts the general form
T ij = πij +
2√−h
δLct
δhij
. (19)
In particular, in D = 4, the counterterms required for a proper regularization of AdS gravity
action are [12,13]
Lct =
√−h
8πG
(
2
ℓ
+
ℓ
2
R(h)
)
, (20)
such that the quasilocal stress tensor takes the form
T ji =
1
8πG
(
Kji − δjiK +
2
ℓ
δji − ℓ
(
Rji (h)−
1
2
δjiR(h)
))
. (21)
Any asymptotically AdS spacetime can be described by a metric that has a divergence or order
two in the radial coordinate, as one approches the asymptotic region. In particular, holographic
techniques employ a Fefferman-Graham frame [14] to realize the Asymptotically Locally AdS
condition, i.e., the fact that the curvature tends to a constant at the boundary. In particular,
this asymptotic behavior implies that the extrinsic properties of the boundary, given by Kij can
be expressed as a series of intrinsic quantities
Kji =
1
ℓ
δji + ℓS
j
i (h) +O(R2) (22)
where
Sji (h) = Rji (h)−
1
4
δjiR(h) ,
is the Schouten tensor of the boundary metric hij . It is not difficult to see that the linear terms
in the extrinsic curvature can be regarded as a truncation of an expression that is quadratic in
K, because the quasilocal stress tensor can be re-written as
T ji =
ℓ
16πG
δ
[jkl]
[inp]
(
1
2
Rnpkl (h)−KnkKpl +
1
ℓ2
δpkδ
n
l
)
,
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up to O(R2) terms. Anti-symmetrization of the indices leaves the last formula in the form
T ji =
ℓ
32πG
δ
[jkl]
[inp]
(
Rnpkl (h)−KnkKpl +KpkKnl +
1
ℓ2
δ
[pn]
[kl]
)
,
=
ℓ
32πG
δ
[jkl]
[inp]
(
Rnpkl +
1
ℓ2
δ
[pn]
[kl]
)
, (23)
where we have used the Gauss-Codazzi relation (59). The quantity in brackets corresponds to
the boundary components of the AdS curvature, which is the tensor that appears in the left
hand side of Eq.(5), and that is identically vanishing for global AdS spacetime. Thus, T ji also
vanish identically for a spacetime with constant curvature everywhere.
On the other hand, for Einstein gravity, where the Ricci tensor is Rµν = − 3ℓ2 gµν , the Weyl
tensor
Wαβµν = R
αβ
µν −
1
2
R
[α
[µδ
β]
ν] +
1
6
Rδ
[αβ]
[µν] , (24)
becomes
Wαβµν = F
αβ
µν , (25)
when Einstein equations hold.
That means that the quasilocal stress tensor is nothing but a projection of the Weyl tensor
T ji =
ℓ
32πG
δ
[jkl]
[inp]W
np
kl = −
ℓ
8πG
W irjr , (26)
where we have used the fact that single and double trace of the Weyl are zero. In a more
covariant form, the boundary stress tensor is the electric part of the Weyl tensor
T ji = −
ℓ
8πG
W iβjν n
νnβ = E
j
i , (27)
where n is a normal vector to the boundary. This implies that the conformal mass definition
for AAdS spaces provided by Ashtekar and Magnon in Ref. [15] also gives a vanishing mass for
CCBHs.
The electric part of the Weyl tensor in Eq.(23) is, in turn, a truncation (up to quadratic
order in the boundary curvature) of a charge density obtained from the addition of a topological
invariant (Gauss-Bonnet), which is cubic in the extrinsic curvature [16,17]
T ji =
ℓ
32πG
δ
[mkl]
[inp] K
j
m
(
Rnpkl (h)−KnkKpl +KpkKnl +
1
ℓ2
δ
[pn]
[kl]
)
.
We stress the fact that the comparison is possible by using the standard asymptotic behavior of
the metric and the curvature for AAdS spacetimes. Additional terms appearing in the different
formulas for energy in AdS gravity may play a role in a modified asymptotic behavior or for a
boundary located at a finite cutoff.
But what is of relevance here is the fact that the equivalence between different notions of
conserved quantities shows that CCBHs always have zero mass and angular momentum.
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3.2 General even-dimensional case (D = 2n)
For the purpose of computation of the conserved quantities for the solution (13) we will employ
the charges derived within Kounterterm regularization scheme for AdS gravity [16,18].
The conservation of Noether charges, calculated as surface integrals, is a consequence of the
existence of a conserved current Jµ. Indeed, the quantity Q[ξ] =
∫
∂M
√−hnµ Jµ is a constant of
motion, where h is the determinant of the metric of the hypersurface orthogonal to the normal
vector nµ. In terms of the radial foliation (14), this quantity gives rise to the energy and angular
momentum (and, in principle, other conserved quantities) enclosed by the sphere at that radius.
For the line element on ∂M , we take the set of coordinates xi = (t, xm), such that it adopts
an ADM form
hij dx
idxj = −N˜2(t)dt2 + σmn(dxm + N˜mdt)(dxn + N˜ndt) ,
√
−h = N˜√σ , (28)
which is generated by the timelike unit vector ui = (−N˜ ,~0). The metric σmn represents the
geometry of the subspace Σ∞, which is the spatial section of the asymptotic region (at constant
time).
Whenever the radial component of the current can be globally expressed on the boundary
as a derivative of the √−g Jr = ∂j
[√
−h ξi
(
qji + q
j
(0)i
)]
, (29)
the Noether theorem provides the conserved charges Q[ξ] of the theory
Q[ξ] = q [ξ] + q(0) [ξ] , (30)
where each term is expressed as surface integrals on Σ∞ as
q [ξ] =
∫
Σ∞
dD−2x
√
σ uj ξ
i qji , (31)
q(0) [ξ] =
∫
Σ∞
dD−2x
√
σ uj ξ
i qj(0)i . (32)
for a given set of asymptotic Killing vectors {ξ}. The splitting of the charge density in two parts
is motivated by the fact that qj
(0)i
gives rise to the vacuum energy in odd-dimensional AAdS
spacetimes. In turn, in even dimensions, it vanishes identically.
In the Kounterterm method, both qji and q
j
(0)i are given as polynomials of the intrinsic and
extrinsic curvatures.
The charge density in the 2n-dimensional case is
qji =
1
16πG
(−1)n ℓ2n−2
2n−2 (2n − 2)! δ
[jj2···j2n−1]
[i1i2···i2n−1]
Ki1i
(
Ri2i3j2j3 · · ·R
i2n−2i2n−1
j2n−2j2n−1
− (−1)
n−1
ℓ2n−2
δ
[i2i3]
[j2j3]
· · · δ[i2n−2i2n−1][j2n−2j2n−1]
)
.
(33)
It is possible to prove that the CCBH metric, for fixed r and φ and after a proper time rescaling,
represents a (D − 2)− dimensional de Sitter space. This implies the absence of globally defined
timelike Killing vector in this geometry [19]. Employing a global coordinate chart to describe
CCBHs leads to a time-dependent line element [20].
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The alternative to the use of Killing vectors to define conserved quantities in a time-
dependent geometry is the definition of Kodama vectors given in Ref. [21]. However, Kodama’s
construction provides an answer for simple metrics, but it cannot be straightforwardly extended
to an arbitrary gravitational object.
However, the two terms under the bracket in the formula (33) can be always factorized by
the AdS curvature
qji =
1
16πG
(−1)n ℓ2n−2
2n−2 (2n− 2)! δ
[jj2···j2n−1]
[i1i2···i2n−1]
Ki1i
(
Ri2i3j2j3 +
1
ℓ2
δ
[i2i3]
[j2j3]
)
P
i4···i2n−1
j4···j2n−1
(R, δ) , (34)
where P (R, δ) is a polynomial of the spacetime Riemann tensor and the antisymmetric delta of
rank 2, which is more conveniently written in a parametric integral form
P
i4···i2n−1
j4···j2n−1
= (n− 1)
1∫
0
dt
[
(1− t) Ri4i5j4j5 −
t
ℓ2
δ
[i4i5]
[j4j5]
]
· · ·
[
(1− t) Ri2n−2i2n−1j2n−2j2n−1 −
t
ℓ2
δ
[i2n−2i2n−1]
[j2n−2j2n−1]
]
.
(35)
This fact implies that the integrand of the charge is identically zero for any spacetime which
is globally of constant curvature. Thus, for CCBHs (13) the expression (34) gives zero identically,
what is manifest even before evaluating the explicit metric.
3.3 General odd-dimensional case (D = 2n+ 1)
In odd dimensions, the expressions for the charge density qji and q
j
(0)i are given by
qji = −
1
2n−2
δ
[jj1···j2n−1]
[ki1···i2n−1]
Kki δ
i1
j1
[
1
16πG (2n − 1)! δ
[i2i3]
[j2j3]
· · · δ[i2n−2i2n−1][j2n−2j2n−1]
+ nc2n
1∫
0
dt
(
Ri2i3j2j3 +
t2
ℓ2
δ
[i2i3]
[j2j3]
)
· · ·
(
R
i2n−2i2n−1
j2n−2j2n−1
+
t2
ℓ2
δ
[i2n−2i2n−1]
[j2n−2j2n−1]
) ,(36)
where c2n is a constant, given by
c2n =
1
16πG
(−1)n ℓ2n−2
22n−2n (n− 1)!2 . (37)
The expression for the charge can be factorized as
qji = −
nc2n
2n−1
δ
[jj1···j2n−1]
[ki1···i2n−1]
Kki δ
i1
j1
(
Ri2i3j2j3 +
1
ℓ2
δ
[i2i3]
[j2j3]
)
P˜
i4···i2n−1
j4···j2n−1
(R, δ) , (38)
where P˜
i4···i2n−1
j4···j2n−1
(R, δ) is a Lovelock-type polynomial of degree (n − 2) in the Riemann tensor,
which takes the following form when written in terms of a double parametric integral
P˜
i4···i2n−1
j4···j2n−1
= 2 (n− 1)
1∫
0
dt
1∫
0
ds
[
s
(
Ri4i5j4j5 +
1
ℓ2
δ
[i4i5]
[j4j5]
)
+
t2 − 1
ℓ2
δ
[i4i5]
[j4j5]
]
× · · ·
· · · ×
[
s
(
R
i2n−2i2n−1
j2n−2j2n−1
+
1
ℓ2
δ
[i2n−2i2n−1]
[j2n−2j2n−1]
)
+
t2 − 1
ℓ2
δ
[i2n−2i2n−1]
[j2n−2j2n−1]
]
. (39)
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Because qji is factorized by
(
Ri2i3j2j3 +
1
ℓ2 δ
[i2i3]
[j2j3]
)
, then it is identically zero for a spacetime of
constant curvature everywhere, as it is the case for CCBHs.
The part (32) of the total charge density, which does not vanish for globally constant-
curvature spacetimes, has an explicit expression
qi(0)j = −
nc2n
2n−2
δ
[jj1···j2n−1]
[ki1···i2n−1]
(
Kki δ
i1
j1
+Kkj1δ
i1
i
) 1∫
0
duuF i2i3j2j3(u)× · · · × F
i2n−2i2n−1
j2n−2j2n−1
(u) . (40)
where
F ijkl(u) = Rijkl − u2
(
KikK
j
l −KilKjk
)
+
u2
ℓ2
δ
[ij]
[kl] (41)
Due to the lack of globally-defined timelike Killing vectors, we compute the integrand qt(0)t, in
order to compare with the results obtained for topological AdS black holes given in the Appendix
C. This quantity contains information on certain holographic modes of AAdS spaces which give
rise to a non-zero vacuum energy. The main advantage is the fact that the expression for qt(0)t
exists in any odd dimension, what allows us to perform a generic computation for D = 2n+ 1.
As a warmup computation, let us first consider the five-dimensional case. The extrinsic
and intrinsic curvatures expressions for CCBHs are given (see Appendix B). Once we set the
components i and j as t in Eq.(40), we obtain
qt(0)t = −
ℓ2
64πG
δ
[m1m2m3]
[n1n2n3]
(
Ktt δ
n1
m1 −Kn1m1δtt
)×
×
1∫
0
duu
[
Rn2n3m2m3 − u2
(
Kn2m2K
n3
m3 −Kn2m3Kn3m2
)
+
u2
ℓ2
δ
[n2n3]
[m2m3]
]
.
Due to the transversal symmetries of CCBHs, the indices m,n can be separated into the ones
corresponding to the sphere S2 and an additional azimuthal angle φ.
qt(0)t = −
ℓ2
128πG
δ
[a1a2]
[b1b2]
(
Ktt −Kφφ
) [
Rb1b2a1a2 −
1
2
(
Kb1a1K
b2
a2 −Kb1a2Kb2a1
)
+
1
2ℓ2
δ
[b1b2]
[a1a2]
]
. (42)
Due to the fact that Fφbφa(u) = 0, all other contributions vanish. Using the explicit form for the
intrinsic and extrinsic curvatures for this type of black holes, the above expression turns into
qt(0)t =
1
64ℓπG
(
r4+
r4
)
+O
(
1
r6
)
, (43)
where we used the formulae in Appendix A. This simple example already reflects an unusual
dependence on the parameters r+ and ℓ in the vacuum energy density, when compared to the
one for 5D Schwarzschild-AdS black holes (See Appendix C).
Computing the general case, the integrand takes the form
qt(0)t = −
nc2n
2n−2
∫ 1
0
duu δ
[a1···a2n−2]
[b1···b2n−2]
(
Ktt −Kφφ
)
Fb1b2a1a2(u)× · · · × Fb2n−3b2n−2a2n−3a2n−2(u) . (44)
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The values of F are identical for all the a, b indexes. Summing up all the contributions
qt(0)t = 2nc2n(2n − 2)!

 r2+
ℓr
√
r2 − r2+

( r2+
ℓ2(r2 − r2+)
)n−1 ∫ 1
0
duu(1 − u2)n−1
=
(−1)n
8πGℓ(2n − 1)
r2n+
r(r2 − r2+)n−
1
2
(2n − 1)!!2
(2n)!
. (45)
The leading order for the previous expression is
qt(0)t =
(−1)n
8πGℓ(2n − 1)
r2n+
r2n
(2n − 1)!!2
(2n)!
+O
(
1
r2n+2
)
. (46)
A similar computation was carried for the five-dimensional CCBH by Cai in Ref. [20], using a
quasilocal stress tensor, properly renormalized by the addition of local counterterms to the AdS
gravity action. In this case, the metric is written in a manifestly time-dependent form, such that
the boundary energy also exhibits a dependence on the parameter r+. It is also claimed in that
reference that proper rescalings of the coordinates in CCBH solution can remove the dependence
of r+ in the boundary stress tensor. What is left, however, contains powers of the AdS radius
ℓ over G such that the result cannot be understood as the Casimir energy of a boundary CFT.
Furthermore, the above result carries, in any odd dimension, the opposite sign with respect to
formula (87) for topological AdS black holes. The result in Eq.(46) suggests that the above
conclusion is also valid in higher odd dimensions: it is not possible to attribute a well-defined
zero point energy to CCBHs.
3.4 Rotating CCBHs
The construction of spinning CCBHs relies on the identification along isometries which are
different respect to the ones of the static case. This procedure is equivalent to boosting the
static metric along the t− φ plane [5]
t → βtr+
ℓ2
+ (φ− Ωβt)r−
ℓ
,
φ → βtr−
ℓ2
+ (φ− Ωβt)r+
ℓ
, (47)
which introduces r+ and r− as two arbitrary constants (r+ > r−) in the metric. This is motivated
by a similar transformation acting on the static BTZ black hole in 3D, which indeed generates
angular momentum. In Ref. [5], it is stated that a different choice of the parameters β and Ω
does not modify the conserved charges of this type of locally AdS solutions.
In a way, one could understand this statement along the line of reasoning of the previous
section. Indeed, no matter what particular values β and Ω take, the mass and angular momentum
of the solution are identically zero, what is evident from Eq.(38). In order to complete the present
discussion, we can compute the vacuum charge density (40) in any odd dimension. The integrand
in Eq.(40) for the boosted metric can be expanded as
qt(0)t = −
nc2n
2n−2
δ
[a1···a2n−2]
[b1···b2n−2]
∫ 1
0
duu
[(
Ktt −Kφφ
)
Fb1b2a1a2(u)+(
Kttδ
b1
a1 −Kb1a1
)
Fφb2φa2 (u)−K
φ
t δ
b1
a1F tb2φa2(u)
]
Fb3b4a3a4(u)× · · · × Fb2n−3b2n−2a2n−3a2n−2(u) . (48)
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Summing up all the contributions
qt(0)t = 2nc2n(2n − 2)!
∫ 1
0
duu(1 − u2)n−1 r
4
+
(
r2+ − r2− + 2nr−(r+Ωℓ− r−)
)
rℓ3(r2+ − r2−)(r2 − r2+)
3
2
(
r2+
ℓ2(r2 − r2+)
)n−2
=
(−1)n
8πGℓ(2n − 1)
(2n− 1)!!2
(2n)!
r2n+
(
r2+ − r2− + 2nr−(r+Ωℓ− r−)
)
r(r2+ − r2−)(r2 − r2+)n−
1
2
. (49)
The leading order for this expression is
qt(0)t =
(−1)n
8πGℓ(2n − 1)
(2n− 1)!!2
(2n)!
r2n+
(
r2+ − r2− + 2nr−(r+Ωℓ− r−)
)
r2n(r2+ − r2−)
+O
(
1
r2n+2
)
(50)
In Ref. [22] a particular choice of the parameters Ω = r−r+ℓ and β = r+ is taken in order to define
a five-dimensional Lorentzian rotational CCBH. Plugging in these values on Eq.(50), we obtain
qt(0)t =
(−1)n
8πGℓ(2n − 1)
(2n− 1)!!2
(2n)!
r2n+
r2n
+O
(
1
r2n+2
)
, (51)
what is the same result as in the static case.
Therefore, the presence of terms of the type dtdφ in the line element does not bring in rotation
in the solution. That means that the fall-off of these crossed terms is such that they do not
contribute to surface integrals defined at radial infinity.
In sum, the boost (47) does not generate a new solution, as it is unable to change the physical
parameters of CCBHs.
4 Discussion and conclusions
We have shown that, in even-dimensional AdS gravity, mass and angular momentum for CCBHs
is always zero. This is a consequence of the fact that the conserved charge formulas for AdS
gravity can be always factorized by the AdS curvature or, equivalently, the Weyl tensor.
This result is not surprising in the light of a recent work [23], where it is shown that, for
AAdS spaces, conformal mass definition is linked to the addition of Kounterterms. It is then
reassuring the fact that two energy definitions in AdS gravity give the same zero result for CCBH
mass.
In principle, one could always go against this reasoning claiming that the mass for a black
hole may also be obtained from the integration of matter stress tensor at the right hand side
of the Einstein equation. However, delta-type singularities are hidden inside the horizon and
not needed by methods that compute conserved charges as surface integrals in the asymptotic
region.
But what looks undeniable is the fact that conserved charges computed within Kounterterm
regularization provide the correct answer for a large class of AAdS solutions regardless a par-
ticular form of the matter energy-momentum tensor. This is confirmed by the relation between
Kounterterm charges and conformal mass definition in every dimension [15,23,24].
In odd dimensions, a nonvanishing value for qt(0)t does not make the situation more promising
for CCBHs. Indeed, the formulas that usually give the mass and angular momentum for AAdS
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solutions also vanish identically in this case. For static CCBHs, the vacuum energy contains a
rather unusual dependence on the parameter r+. Even though one can eliminate this dependence
by coordinate rescalings, the result is not proportional to ℓ2n−1/G, what is the only sensible value
one can interpret as a Casimir energy for the CFT on the boundary of AdS gravity in D = 2n+1
dimensions.
In the rotating case, the second parameter in the solution, r−, does not appear anywhere in
the conserved quantities, nor in the expression for the vacuum energy. This result contrasts with
the interpretation of r− as related to angular momentum in the original reference [5], because
it is a well-known fact that, in D = 2n + 1 dimensions, the vacuum energy for Kerr-AdS black
holes, depends on the rotation parameters {ai}i=1..n [25, 26, 27, 28]. Even in the simplest case
(Myers-Perry-AdS), with a single rotation parameter a, the vacuum energy depends on r−.
If one attempts to consider CCBHs as solutions of Einstein-Gauss-Bonnet or a more general
Lovelock gravity theory with AdS asymptotics, the main conclusions of this paper would remain
the same. In fact, for EGB AdS gravity, Kounterterm regularization will give rise to conserved
charges whose formulas are factorizable by the corresponding AdS curvature [29,30],
F˜αβµν = R
αβ
µν +
1
ℓ2eff
δ
[αβ]
[µν]
, (52)
in terms of an effective AdS radius
1
ℓ2eff
=
1
2(D − 3)(D − 4)α
(
1±
√
1− 4(D − 3)(D − 4)α
ℓ2
)
, (53)
where α is the Gauss-Bonnet coupling.
A black hole which is globally of constant curvature can indeed have mass in three-dimensional
AdS gravity, as it is the case of BTZ solution [1,2]. This is understood in the light of the general
formulas for the conserved charges in odd dimensions Eqs.(36) and (40). In three dimensions,
there are no enough indices in Eq.(36) to produce an expression proportional to the AdS curva-
ture (or, equivalently, the Weyl tensor), as it happens in higher dimensions. As a consequence,
the equivalence to formula (36) vanishes identically in 3D. Then, it is Eq.(40) the formula re-
sponsible for the mass and angular momentum for BTZ black hole [31].
As AdS gravity in 3D is derived from a Chern-Simons action for SO(2, 2) group, the previous
result can be extended to higher odd dimensions. Indeed, in Lovelock-Chern-Simons gravity,
it is a formula proportional to Eq.(40) the one that produces the mass of black holes in that
theory [32]. As a matter of fact, this is the only case one can atribute a nonvanishing mass to
CCBHs [33].
An independent approach that might shed some light on the problem of vanishing charges
for CCBHs is the computation of holonomies, motivated by the result in 3D AdS gravity [3].
However, this computation would require the existence of non-contractible curves which enclose
the horizon in higher dimensions. On the other hand, in the context of supersymmetry, arbitrary
values of the parameters in the CCBH solution should produce an obstruction to the existence
of globally-defined Killing spinors [34,35].
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Appendices
A Kronecker delta of rank p
The totally-antisymmetric Kronecker delta of rank p is defined as the determinant
δ
[ν1···νp]
[µ1···µp]
:=
∣∣∣∣∣∣∣∣∣
δν1µ1 δ
ν2
µ1 · · · δ
νp
µ1
δν1µ2 δ
ν2
µ2 δ
νp
µ2
...
. . .
δν1µp δ
ν2
µp · · · δ
νp
µp
∣∣∣∣∣∣∣∣∣
. (54)
A contraction of k ≤ p indices in the Kronecker delta of rank p produces a delta of rank p− k,
δ
[ν1···νk···νp]
[µ1···µk ···µp]
δµ1ν1 · · · δµkνk =
(N − p+ k)!
(N − p)! δ
[νk+1···νp]
[µk+1···µp]
, (55)
where N is the range of indices.
B Extrinsic and intrinsic curvatures for static CCBHs
The radial foliation of the spacetime
ds2 = N2(r)dr2 + hij(x, r)dx
idxj (56)
implies the Gauss-Codazzi relations for the spacetime Riemann tensor
Rirkl =
1
N
(∇lKik −∇kKil ) , (57)
Rirkr =
1
N
(
Kik
)
′ −Kil K lk , (58)
Rijkl = Rijkl(h)−KikKjl +Kil Kjk , (59)
where ∇l = ∇l(Γkij) is the covariant derivative defined in the Christoffel symbol of the boundary
Γkij(g) = Γ
k
ij(h).
On the other hand, the boundary metric for CCBHs takes the block-diagonal form
hij =


−(r2 − r2+) cos2 θ1 0 0
0 (r2 − r2+) ℓ
2
r2+
γab 0
0 0 r2

 (60)
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where the boundary indices split as i = (t, a, φ) and the metric γab is the metric of the unit
sphere SD−3.
From the line element on the boundary metric
hij dx
idxj = (r2 − r2+)
(
− cos2 θ1dt2 + ℓ
2
r2+
dΩD−3
)
+ r2dφ2 (61)
it is easy to read off the lapse function and the induced metric in an ADM foliation with vanishing
shift functions
hij dx
idxj = −N˜2dt2 + σmndxmdxn
= −N˜2dt2 + r2
(
γabdy
adyb + dφ2
)
, (62)
such that
N˜2 = (r2 − r2+) cos2 θ1 (63)
where ya and γab (with a, b = {1, ...,D−3}) are the angles and the metric of (D−3)-dimensional
sphere, respectively, and φ is an additional azimuthal angle. The lapse functions sets the only
novanishing component of the timelike normal vector as ut = −(r2 − r2+)1/2| cos θ1|, and the
determinant σ of the spatial metric is given by
√
σ = rD−2
(
ℓ
r+
)D−3(
1− r
2
+
r2
)D−3
2 √
γD−3 . (64)
The components of the extrinsic curvature for the metric (13) are
Ktt = −
r
ℓ
1
(r2 − r2+)1/2
,
Kab = −
r
ℓ
1
(r2 − r2+)1/2
δab ,
Kφφ = −
(r2 − r2+)1/2
rℓ
. (65)
Recalling the fact that the solution (13) is a constant-curvature spacetime, the intrinsic curvature
Rijkl can be directly obtained by Gauss-Codazzi relations. In doing so, the only non-vanishing
components of the boundary Riemann tensor are
Rtatb (h) =
r2+
ℓ2
1
r2 − r2+
δab ,
Rabcd(h) =
r2+
ℓ2
1
r2 − r2+
δ
[ab]
[cd] . (66)
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In the case of rotating CCBH, the components of the extrinsic curvatures are
Ktt = −
r2(r2+ − r2−) + r2+r−(r− − r+Ωℓ)
ℓr(r2+ − r2−)
√
r2 − r2+
, (67)
Kφφ = −
r2(r2+ − r2−) + r3+(Ωℓr− − r+)
ℓr(r2+ − r2−)
√
r2 − r2+
, (68)
Kφt = −
r2+β(Ωℓ(r
2
+ − r2−)− r+r−(1 + Ω2ℓ2))
ℓ2r(r2+ − r2−)
√
r2 − r2+
, (69)
Ktφ = −
r3+r−
rβ(r2+ − r2−)
√
r2 − r2+
, (70)
Kba = −
r
ℓ
√
r2 − r2+
δab . (71)
The boundary Riemman tensors
Rcdab =
r2+
ℓ2(r2+ − r2−)
√
r2 − r2+
δ
[cd]
[ab] , (72)
Rφbφa =
r2+r−(Ωℓr+ − r−)
ℓ2(r2+ − r2−)(r2 − r2+)
δba , (73)
Rφbta =
r3+r−
βℓ(r2+ − r2−)(r2 − r2+)
δba . (74)
And the values of Fµναβ(u)
Fa1a2b1b2 (u) = (1− u2)
r2+
ℓ2(r2+ − r2−)
√
r2 − r2+
δ
[a1a2]
[b1b2]
, (75)
Fφaφb (u) = (1− u2)
r2+r−(Ωℓr+ − r−)
ℓ2(r2+ − r2−)(r2 − r2+)
δab , (76)
Fφatb (u) = (1− u2)
r3+r−
βℓ(r2+ − r2−)(r2 − r2+)
δab . (77)
C Vacuum energy in Topological Black Holes in AdS Gravity
In order to compare to the results in Section 3, we here review the computation of the zero-point
energy for globally AdS spacetime.
Static topological black holes are solutions of the Einstein equations with negative cosmo-
logical constant, which are described by the metric
ds2 = −f2(r)dt2 + f−2(r)dr2 + r2dΣ2D−2 (78)
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where the line element of the transversal section Σ(k) is
dΣ2D−2 = γ
(k)
mn dy
mdyn , (79)
and
f2(r) = k − 2Gµ
rD−3
+
r2
ℓ2
, (80)
where the parameter µ is the mass density. The topological parameter k = +1, 0,−1 denotes the
curvature of the transversal section, which can be a sphere, a locally flat surface or a hyperboloid,
respectively.
Using the general formula for the vacuum energy for AAdS spacetimes (40) for the particular
choice of the timelike vector uj and a timelike Killing vector ξ
i, leads to the expression
qt(0)t =
nc2n
2n−2
δ
[n1···n2n−1]
[m1···m2n−1]
(
Ktt δ
m1
n1 −Km1n1 δtt
)
1∫
0
duuFm2m3n2n3 (u)× · · · × Fm2n−2m2n−1n2n−2n2n−1 (u) . (81)
The components of the tensorial quantities defined at the boundary –which are relevant for the
evaluation of the above formula– are given by
Ktt = −f ′(r), Km1n1 = −
f(r)
r
δm1n1 (82)
for the extrinsic curvature and
Fm2m3n2n3 (u) =
1
r2
[
k − u2
(
f2(r)− r
2
ℓ2
)]
δ
[m2m3]
[n2n3]
, (83)
for the parametric curvature (41).
In the static black hole ansatz (78), the vacuum energy integrand adopts the form
qt(0)t = 2nc2n(2n − 1)!
(
f ′(r)− f(r)
r
)(
1
r2n−2
) 1∫
0
duu
[
k − u2
(
f2(r)− r
2
ℓ2
)]n−1
, (84)
which, taking the value of the metric function in Eq.(80), adopts a much simpler form
qt(0)t = 2nc2n(2n− 1)!
(
−ℓk
r2
+O(r1−D)
)(
1
r2n−2
)
1∫
0
duu
[
k − u2
(
k − 2Gµ
rD−3
)]n−1
, (85)
in the limit r →∞ for the leading order
qt(0)t = −c2n(2n)!
knℓ
r2n
1∫
0
duu
(
1− u2)n−1 + · · · . (86)
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When performed the trivial integration in the parameter u, the standard result of the vacuum
energy integrand for topological AdS black holes is recovered
qt(0)t =
(−1)n−1ℓ2n−1
8πG
(2n − 1)!!2
(2n)!
kn
r2n
.
The standard result of the vacuum energy for topological AdS black holes is recovered when
integrated in the transversal section considering
√
σ = r2n−1
√
γ(k)
E0 =
∫
Σ∞
d2n−1x (−f(r)) qt(0)t
√
σ
=
ℓ2n−2
8πG
(−k)n (2n− 1)!!
2
(2n)!
V ol
(
Σ(k)
)
(87)
where γ(k) is the determinant of the surface Σ(k).
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